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I. Introduction
The generation of the microwaves required to power future high-gradient radiofrequency (rf) accelerators will require the use of efficient and powerful sources that operate at higher frequencies than conventional S-band klystrons. Possible rf sources to meet this need include the relativistic klystron, the gyroklystron and the magnicon. In addition, there are other potential applications for such sources, including microwave power beaming. This paper presents an analysis of the electron-wave interaction in the output cavity of a magnicon. The magnicon 1 -is an advanced version of the gyrocons and employs a scanning beam that is obtained by the passage of a magnetized pencil beam from the electron gun through a deflection system.
The deflection system consists of an input cavity and one or more passive cavities, separated by drift tubes, with the entire system immersed in an axial magnetic field, Bo. The cavities support a rotating TM 110 mode with a frequency that is -1/2 the gyrofrequency, w,, = elBoh/mc. Here, e is the charge and m is the mass of an electron, 7 is the relativistic factor, and c is the vacuum speed of light. The purpose of the deflection system is to spin the beam to high transverse momentum;
i.e., a -vJ./jv > 1. Here, vu and v, are the velocity components transverse to and along the z axis. After passing through the deflection system, the beam transverse momentum is used to drive a gyrotron-like interaction in the output cavity. The entry point of the electrons in the output cavity rotates in space about the cavity axis at the drive frequency. In the frequency-doubling version, the output cavity supports a rotating TM 2 10 mode with frequency w ; w,. Each electron arrives in
Manuscript approved February 19, 1993. I the output cavity ideally gyrophased for optimum energy transfer to the rf field.
Since the electrons entering the output cavity are almost completely phase-bunched and rotate in synchronism with the TM 2 1 0 wave, the transverse efficiency may be extremely high.
At the Naval Research Laboratory (NRL) a program to develop a high-gain, second-harmonic magnicon in the X-band regime is presently under way. 3 The design calls for the generation of 50 MW at 11.4 GHz and 50% efficiency, using a 200 A, 1/2 MV electron beam produced by a cold-cathode diode on the NRL Long-Pulse Accelerator Facility. 7 This paper presents an investigation of the output cavity of a magnicon and is a follow-up of our earlier analysis of the deflection system." The equations of motion for the electrons and the wave equation for the rf field are derived. The derivation closely follows the analysis of the quasi-optical gyrotron presented in Refs. 8-10. In particular, it is assumed that the build-up of the rf field in the output cavity takes place on a time scale that is long compared to the transit time of electrons through the cavity. Scaled variables are defined and the equations are analyzed in detail to examine the efficiency of the device. Results from time-dependent and steadystate simulations of the output cavity are presented. Point design parameters for a magnicon operating in X-band are given. A major simplification in this analysis is the use of the ideal TM 210 mode structure in the output cavity, neglecting the effects of field leakage and fringing fields in the vicinity of the beam tunnel. Additionally, the effects of space charge are neglected in the analysis.
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II. Formulation
The vector potential of the electromagnetic field in the cavity is assumed to be a superposition of discrete Fourier harmonics
where At'), the amplitude of the pth Fourier component, may be decomposed in terms of the cavity modes as follows
where r, q5, z denote the cylindrical coordinates, Ad is a complex-valued amplitude which is a slowly-varying function of time, t, J. is the ordinary Bessel function of the first kind of order n, p.,. is the mth zero of J., a is the radius and L is the length of the cavity and c.c. stands for complex conjugate. Figure 1 shows a cross- 
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where the cutoff wavenumber is defined by k, = p 2 L/a = w/c. In writing Eq.
(4), the right-hand side has been simplified by assuming that there is no spread in the transverse coordinates or momenta of the electrons as they enter the cavity.
The cavity radius a is determined by the boundary condition J 2 (p2l) = 0. Since P2l = 5.136, the radius of the output cavity is 2.145 cm for a frequency of 11.42
GHz.
Assuming that the Fourier amplitude A(P) varies slowly on the time scale 21r/w, with fields that are independent of the z coordinate, it follows that the canonical momentum along the z axis is conserved; i.e.,
To proceed, it is convenient to transform to guiding center variables in the guide field Bo, defined by
where $ is the gyroangle, p = v±/w-l is the gyroradius, w, = IeIBo/ 7 mc is the 
1/"ro
where C = z/L is the distance along the cavity scaled to the cavity length, R = 
t) = iiEo(t)I exp[it(t)]
defines the phase P(t) of the rf field, e = IeEoIL/-fomcvo is the scaled strength of the rf electric field and
Figure 2 indicates the definition of the angle 0 = 4, -E + 7r/2 in terms of the guiding center angle 9 and gyroangle C'. These angles rotate at the drive frequency (w/2) such that at the injection point to the cavity 0 does not vary with time; i.e., )(C,,to) = 0o + wto/2, *(C,to) = i(() + wto/2, where 00 is a constant and 4,(() describes the variation of the gyroangle along the cavity.
When integrating the equations of motion, Eqs. (10)- (15), along the cavity, the rf field is taken to be a constant. This is a consequence of the assumption that the temporal ,•volution of the rf r.mplitude, Eo(t), takes place on a time-scale that is mu-' ionger than the electron transit time (: L/v.) through the cavity."s 0 Hence, the use of partial derivatives in Eqs. (12)- (14).
To complete the set of governing equations, it is necessary to recast the wave equation, Eq. (5), in scaled form. We are interested in a system that is phase locked by a prebunched electron beam.1' It is assumed that the prebunched beam induces an rf field in the cavity at a frequency w = ckc + Aw, where Aw is the frequency shift with respect to the cold cavity frequency. Intrcducing the cavity quality factor, Q, into Eq. (5), and making use of the small argument expansion of the Bessel function, the wave equation reduces to
S~0'
where I = IQL/I{IAkcaJ,(pn)] 2 } is the scaled beam current, IA = (mcs/Iej)7o/3,o is the Alfvin current, r" = ckct/Q is the scaled time and AC-= QAwl/ck, is the scaled frequency mismatch. It is important to note that the integration over the entry time to in Eq. (5) can be trivially performed and does not appear in Eqs.
(16) and (17). This is due to the special nature of the magnicon, in which electrons enter the output cavity prebunched, and also due to our assumption that there is no spread in the initial transverse coordinates or momenta. Thus, to study the complete evolution of the system, it is only necessary to study the passage of a single electron through the cavity. This is the basis of the simulation results presented in Secs. III and IV. We shall address the issue of non-ideal beam effects in Secs. V.
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The efficiency is defined as q = (7Yo -7)/(70 -1), where 7Y is the relativistic factor at the cavity exit. Making use of Eqs. (12), (13) and (16), it follows that, in steady state,
S=2Cyo -1) "l)
It should be remarked that the expression in Eq. (18) is simply a restatement of the balance between the power extracted from the electron beam and the power dissipated in the finite-Q output cavity.
In studying the efficiency of conversion of electron energy into rf energy as an electron traverses the output cavity, it is useful to define the detuning, A, that measures the deviation of the gyrofrequency from the rf frequency:
In common with the gyrotron, for zero detuning the efficiency should be small and significant conversion will be achieved only for positive detuning. 12 An estimate for the optimum detuning may be obtained by choosing the magnitude of the guide field so as to maintain gyroresonance on the average, assuming that the electrons are brought to a complete rest at the end of the interaction. The purpose of this section is to present steady-state simulation results obtained from numerical solution of the reduced equations derived in the previous section.
Neglecting guiding-center drifts, Eqs. (12)- (17), with 8/0" set equal to zero, constitute a simplified set of equations that can be solved to rapidly scan the parameter space. Since these equations are expressed in scaled form, the simulation results may be used to obtain point designs for a variety of physical systems.
Equations (10) and (11) All the simulation results in this paper assume that on entering the output cavity, the guiding center of an electron is located off the cavity axis at a distance equal to the gyroradius. This assumption is roughly borne out by our previous investigation of the electron beam as it is spun up in the deflection cavities. 6 The input parameters for the simulation are the beam energy at injection, the scaled cavity length, IcL, and the detuning, A. Equation (20) is used to obtain an order-of-magnitude estimate for the detuning that leads to high efficiency. The angle 0, which is defined following Eq. (15) and in Fig. 2 , is related to the gyroangle and the guiding-center angle at the entrance to the cavity. This angle is also an input parameter, being determined in part by the length of the drift tube leading to the output cavity. For a given value of the scaled electric field, c, the scaled current, i, and the efficiency are determined from Eqs. (16) and (18) Two examples will be discussed in detail, corresponding to the initial values a = 1 and a = 1.5.
Case (i) : a = 1 Figure 3 shows the results of the single-particle, steady-state simulation of the reduced equations for a = 1. The parameters for this simulation are listed in Table I , the three different detunings corresponding to the three curves in each plot. Figures 3(a) , (b), (c), and (d) show the efficiency, ti, the scaled current, I, the scaled frequency shift, Aa, and Oo, respectively. The latter is the value of the phase angle 4i at the entrance to the cavity. From Eq. (15), it follows that &o = -0 -2O0, thus relating Fig. 3(d) to the rf phase, f6. The abscissa in each plot is the scaled electric field.
On examining Fig. 3 , it is interesting to note that significant conversion efficiency (> 50%) may be obtained with a beam a as small as 1. It is also interesting to note the discontinuity in some of the curves at high values of scaled electric field. It should be noted that the existence of steady-state solutions does not guarantee their accessibility or their stability in an experiment that must grow from rf noise.
In order to investigate the accessibility of the high-efficiency solutions that the scanning code locates, we will make use of a time-dependent code, as discussed in Sec. IV.
Case (ii) : a = 1.5 Figure 4 shows the results of the single-particle, steady-state simulation of the reduced equations for a = 1.5. The parameters for this simulation are listed in Table IIH The parameters for the time-dependent simulation are chosen by locating a high efficiency point on the solid curve in Fig. 3 or Fig. 4 , and reading off the corresponding value for the scaled current, and the frequency shift. An important criterion in choosing an operating point is to minimize the electric field, consistent with an acceptable efficiency, in order to avoid breakdown problems. In the examples considered in this paper, the maximum tolerable electric field is taken to be S300 kV/cm. A further constraint on the parameters relates to the length of the cavity. Conservation of canonical momentum, Eq. (9), implies that the kinetic z-13 momentum, p, = ymv,, can vary along the cavity. We find that there is an optimal cavity length for which the efficiency is a maximum and p. is a minimum as the electron exits the cavity. This point will be clarified presently. The current I to be used in the time-dependent code is determined by taking a reasonable value for the cavity quality factor, Q (: 1000). The choice for the cavity length and the detuning determine the value of the guide field through Eq. cm so that, on exiting the cavity, p, is a minimum, and therefore the efficiency is a maximum. In this sense, it appears that there is an optimal length for the output cavity, which may be fine tuned to obtain the maximum efficiency. Figure   6 (c) shows that the value of a declines as the electron spins down on traversing the cavity.
In terms of the scaled variables, the final state of the time-dependent code is compared with the corresponding point on Fig. 3 in Table IV. This table shows dose agreement between the results from the steady-state simulation (labeled SSS) of reduced equations and the time-dependent simulation (labeled TDS) of the full
Maxwell-Lorentz equations.
It must be pointed out that the steady-state simulations are deficient in a very important respect. Namely, the questions of accessibility and stability of the predicted final states of the cavity, shown in Fig. 3 , remain unresolved. As a case in point, we compare in Table V In terms of the scaled variables, the final state of the time-dependent code is compared with the corresponding point on Fig. 4 in Table VII . Examination of Table   VII Before proceeding, it is important to remark on a basic premise of the steadystate simulation results of this section. As the spread in a beam parameter increases from zero, the rf field at which power balance is obtained varies. For a sufficiently large value of the spread, however, there is, in some cases, a sudden jump in the rf field amplitude required for power balance. In the figures to be described, the maximum value of the spread is limited to lie below the point at which the sudden jump takes place. Nevertheless, it cannot be guaranteed that a multi-electron, time-dependent code would lead to results identical to those presented here. 
VI. Summary and Conclusions
The electron-wave interaction in the output cavity of a frequency-doubling, magneticfield-immersed magnicon has been analyzed in a series of simulation studies. In this presentation the output cavity is considered as an entity that is separate from the deflection system, with the electron beam parameters corresponding to what is expected on the basis of our earlier studies of the deflection system.'
Single-electron, steady-state simulation of reduced equations of motion were used to rapidly scan the parameter space and locate a desirable operating point. A
single-electron, time-dependent code was then employed to ensure that the chosen final state was an accessible and stable operating point of an amplifier wherein the rf grew from noise. Finally, a multi-electron, steady-state code was used to study the sensitivity of the point design to spreads in the beam parameters.
In conclusion, it is useful to recall the salient points of this work. First, as indicated in Figs. 6 and 8, for an ideal beam, it is possible to choose the cavity length so as to convert not only the transverse momentum but also part of the axial momentum into rf field energy. Second, based on the runs made with Lhe timedependent code, we have found that some of the final states determined by the steady-state code are accessible and stable, and some are not. Third, an efficient (> 50%) final state with a = 1 is achievable. Finally, the efficiency of the output cavity is most sensitive to energy spread on the beam.
19 Table captions   Table I : Parameters for steady-state simulation of a magnicon amplifier output cavity for three detunings. Initial beam a = 1. 
